This article deals with investigation of some important properties of solutions to initial-boundary-value problems for distributed order timefractional diffusion equations in bounded multi-dimensional domains. In particular, we investigate the asymptotic behavior of the solutions as the time variable t → 0 and t → +∞. By the Laplace transform method, we show that the solutions decay logarithmically as t → +∞. As t → 0, the decay rate of the solutions is dominated by the term (t log(1/t)) −1 . Thus the asymptotic behavior of solutions to the initial-boundary-value problem for the distributed order time-fractional diffusion equations is shown to be different compared to the case of the multi-term fractional diffusion equations.
Introduction
Within the last few decades, the anomalous transport processes which do not follow the Gaussian statistics have been observed and confirmed in several different application areas in natural sciences, biology, geological sciences, medicine, etc. This forced even stronger research activities towards techniques and approaches for their mathematical modeling. One of the possibilities to adequately model some anomalous transport processes on the micro-level is the technique of the continuous time random walks (CTRW). Under some suitable conditions posed on the probability density functions for the jumps lengths and the waiting times between two successive jumps, the macro-level models in form of some fractional differential equations can be deduced from the CTRW models. In most of the cases, these macro-models have a form of the single or multi-term time-, space-, or time-space-fractional differential equations (see e.g., [13] , [14] and the references therein for details). However, in [16] a CTRW model was suggested with the property that the scaling limits of these random walks are subordinated random processes whose density functions solve a distributed order fractional diffusion equation.
A distributed order fractional derivative was introduced for the first time in [2] , where a formal solution to the distributed order fractional differential equations was derived using the technique of the Laplace transform. Soon the distributed order fractional differential equations attracted attention of physicists who recognized that these equations can serve as models for the so-called ultra slow diffusion. In contrast to the slow diffusion, which is characterized by the mean square displacement of the diffusing particles of the power type t α , the mean square displacement in the framework of the ultra slow diffusion is just of logarithmic growth (see e.g., [3] - [4] , [15] , [17] , [21] and the references therein). Another direction of research regarding the distributed order fractional differential equations, which is important for potential applications was to investigate how they preserve the positivity of the initial conditions in time, e.g., to analyze if their fundamental solutions can be interpreted as some probability density functions (see e.g., [3] , [6] and the references therein).
Whereas the mathematical models in form of the distributed order fractional differential equations have found numerous applications in polymer physics, kinetics of particles moving in the quenched random force fields, iterated map models etc., until now only few publications dealt with the mathematical theory of the distributed order fractional differential equations. First of all, we mention here [7] and [8] , where the fundamental solutions to the Cauchy problems for both the ordinary and the partial distributed order fractional differential equations have been derived and investigated in detail. In [11] , a first attempt to analyze the initial-boundaryvalue problems for the generalized distributed order time-fractional diffusion equation over an open bounded multi-dimensional domain has been undertaken. Using an appropriate maximum principle for the generalized distributed order time-fractional diffusion equation, some uniqueness and existence results for the initial-boundary-value problems for this equation were derived and presented in [11] .
In this paper, we continue the research activities initiated in [7] , [8] , and [11] and investigate the asymptotic behavior of the solutions to the initial-boundary-value problems for the distributed order time-fractional diffusion equation both for the short and long times. As a byproduct of our investigation, we show the unique existence of solution to the problem under consideration. The asymptotic behavior of solutions to the equations, which describe some physical processes is important both by itself and for analysis of the suitable numerical methods for their solutions and the inverse problems for these equations.
Let us note here that because we work with the initial-boundary-value problems and not with the Cauchy problems for the distributed order fractional diffusion equations, we need some more precise estimates for the solutions of the corresponding eigenvalue problems compared to ones deduced in [7] and [8] . Still, some techniques suggested in [7] and [8] are employed for our problem, too.
Finally we mention that in the case of the weight function μ(α) = j=1 q j δ(α − α j ) with α j ∈ (0, 1) and α < · · · < α 1 , the distributed order fractional diffusion equation is reduced to a so-called multi-term fractional diffusion equation. The initial-boundary-value problems for the multi-term fractional diffusion equations were considered in e.g., [9] , [10] , and [12] (see also the references therein). In particular, it was shown in [9] that the decay rate of the solutions u to these problems is dominated by t −α as t → +∞,
The rest of the paper is organized as follows: In Section 2, problem formulation and our main results regarding both the short-and the longtime asymptotics of the solutions to the initial-boundary-value problems for the distributed order time-fractional diffusion equation are presented. The proofs of the long-time asymptotic formulas are given in Section 3, whereas the short-time asymptotic behavior is proved in Section 4. Finally, the last Section 5 is devoted to some conclusions and the statements of open problems.
Problem formulation and main results
Let Ω be an open bounded domain in R d with a smooth boundary ∂Ω, which is defined e.g., by some C 2 functional relations. In this paper, we deal with the initial-boundary-value problem
for the distributed order fractional differential equation
and L is a symmetric uniformly elliptic operator defined by
Moreover, we assume that a ij ∈ C 1 (Ω) and there exists a constant ν > 0 such that
denotes a distributed order fractional derivative defined by
where μ is a non-negative weight function and D α t is the Caputo fractional derivative of order α:
In this paper, we mainly discuss the short-and long-time asymptotic behavior of solutions to the initial-boundary-value problem (2.1) for (2.2) and compare our results with those obtained for the initial-boundary-value problems for the multi-term time-fractional diffusion equations (see [1] , [9] , [10] , and [12] ). Our main results are presented in Theorems 2.1 and 2.2 formulated below. The proofs of the theorems are given in the next sections. We start with a result for the long-time asymptotic behavior of the solutions.
Henceforth C denotes a positive constant that is independent of the time variable t, the initial condition a, and the solution u, but may depend on Ω, d, a ij , b, and μ.
Then
for the solution u to the initial-boundary-value problem (2.1) for the equation (2.2) for sufficiently large t > 0. In particular, the second part of Theorem 2.1 means that the decay rate (log t) −1 of the solution u to the problem under consideration is the best possible one. More precisely, we have the following statement:
If the weight function μ(α) admits the representation
Then u(x, t) = 0 for all x ∈ Ω and t > 0.
Let us mention that the multi-term time-fractional diffusion equation
can be formally obtained from the equation (2.2) by setting the weight func-
In [9] , the asymptotic behavior of solutions to initial-boundary-value problems for the multi-term fractional diffusion equations was investigated. In particular, it was shown there that the decay rate of solutions is t −α as t → +∞, α being the smallest exponent of the multi-term fractional derivative. Thus a multi-term fractional diffusion equation cannot simulate a very slow logarithmic decay rate of its solutions. In other words, distributed order fractional diffusion equation (2.2) is completely different from the case of a singular measure μ of the type μ(α) = j=1 q j δ(α − α j ), which is a multi-term fractional diffusion equation.
For the short-time asymptotics, we have the following result:
Then the solution u to the initial-boundary-value problem (2.1) for the equation
and
where ε 0 > 0 is a sufficiently small constant such that ε 0 T < 1.
In Sections 3 and 4, the proofs of Theorem 2.1, Corollary 2.1, and Theorem 2.2 are presented.
Long-time asymptotics
Before we start with the proofs of our main results, some useful representations of the solution u to the initial-boundary-value problem (2.1) for the equation (2.2) and some important auxiliary results are formulated and proved.
Because of the conditions posed on the elliptic type operator
Taking advantage of the eigensystem {λ n , ϕ n } ∞ n=1 , the solution u to (2.1) and (2.2) can be formally represented in the form
We note that Theorem 2.2 ensures that the formal Fourier series (3.1) is indeed a unique solution to the problem under consideration in the classical sense. Substituting this representation into (2.1) and (2.2), by orthogonality of {ϕ n }, we obtain the following equations for the coefficients u n :
In fact, (3.2) is a Cauchy problem for an ordinary distributed order fractional differential equation. For a fixed value of λ n , this problem was investigated in [7] and [8] . In this part of the section, we follow the analysis employed in [8] but additionally take into consideration the limit relation λ n → ∞ as n → ∞. Our target is to describe a long-time asymptotic behavior of the solution u n (t) to the Cauchy problem (3.2). To reach this aim, we need a more detailed analysis compared to one provided in [7] and [8] .
Application of the Laplace transform
to (3.2) along with the known formula
leads to an algebraic equation
for the unknown function u n . This equation can be directly solved:
where the auxiliary function w is determined by the weight function μ as follows:
Taking the principal value of the logarithmic function on the complex plane cut along the negative part of the real axis, we can extend w(s) to an analytic function on the complex plane with the cut. Moreover, for any λ n > 0, the function sw(s) + λ n has no zeros on the main sheet of the Riemann surface for the logarithmic function. Indeed, for s = re iρ , ρ ∈ (−π, π), the value of
analytic function on the main sheet of the Riemann surface of the complex plane cut along the negative real semi-axis.
In the following lemmas, we derive some estimates of the auxiliary function w(s), which are needed for the proofs of our main results. To prove these estimates, a special contour on the complex plane C, which we define below, is very useful. For θ ∈ ( π 2 , π) and ε > 0, let γ(ε, θ) denote a contour in C consisting of the following three parts:
(
Then the estimates 
From the above estimate for w(s), in the case of |s| ≤ 1] we conclude that 1] |s| − 1 log |s| . 1] holds true, which leads to the desired inequality |sw(s) + λ| ≥ . Since θ ∈ ( 
holds true, where ε 0 > 0 is sufficiently small and C > 0 is a constant independent of λ n and s.
The function Q n,1 (s) can be estimated by inequalities (3.3) and (3.4) from Lemma 3.1:
As to Q n,2 (s), we employ the integral
s log s and the asymptotic formula (3.5) to obtain first the inequality
and then the inequality
After the change of variables α log(1/|s|) → α in the last integral, we have
We thus obtain the estimate
which completes the proof of Lemma 3.2.
2 Now we are ready to prove Theorem 2.1. P r o o f o f T h e o r e m 2.1. By Fourier-Mellin formula (see e.g., [20] ), we have
Using the estimates from Lemma 3.1 and the residue theorem (see e.g., [22] ), for t > 0 we deduce that the inverse Laplace transform of u n can be represented by an integral along the contour γ(ε, θ):
Since λ n → ∞ as n → ∞, there exists an integer N 0 > 0 such that
For n ≥ N 0 , the representation (3.7) and Lemma 3.1 yield
log ε e εt cos ρ dρ =:
I n,j (t).
Taking ε = 1 t , we can assert that
for sufficiently large t. Moreover, since
for sufficiently large t. Here we used the inequality cos θ < 0. In order to estimate I n,1 (t), we proceed as follows: 
C|a n | λ n log t + C|a n | λ n t for sufficiently large t. If n < N 0 , then we choose η > 0 sufficiently small so that |sw(s) + λ n | > C > 0 for |s| ≤ η and estimate the integral (3.7) as follows:
for sufficiently large t. Similarly to the case n ≥ N 0 we see that the inequality |u n (t)| ≤ C|an| log t holds true if t is large enough and n < N 0 . Collecting all the above estimates, we obtain
C|a n | λ n log t for sufficiently large t and n = 1, 2, . . . . It follows from the representation (3.1) that
for sufficiently large t, which proves the first part of Theorem 2.1.
Now we assume that μ(α) = μ(0)
+ o(α δ ), δ > 0 as α → 0 and rewrite the representation (3.7) as follows:
In order to estimate R n,1 (t), for sufficiently large t, we set ε := 1 t < ε 0 in the definition of the contour γ(ε, θ) and then employ the inequality (3.6). Thus we obtain the following chain of the inequalities:
Using the same arguments, which were employed for estimations of I n,i (t), i = 1, 2, 3 in the first part of the proof, we obtain
for sufficiently large t and n ≥ N 0 and the inequality
for sufficiently large t and n < N 0 . In order to estimate R n,2 (t), we shall show that R n,2 (t) is the Laplace transform of a positive function, which implies that the function R n,2 (t) is completely monotone. Once we have established this property of R n,2 (t), the Karamata-Feller Tauberian theorem (see e.g., Chapter XIII in [5] ) along with the asymptotic formula
leads to the asymptotic formula
Consequently, we arrive at the desired representation
Now it remains to show that the function R n,2 (t) is indeed the Laplace transform of a positive function. First we note that R n,2 (t) is independent of θ and ε because the function
s log s is analytic on the main sheet of the Riemann surface for the logarithmic function. Now the function R n,2 (t) is represented in the form
For the function V n,1 (t), the arguments similar to ones used for estimation of the integral I n,1 (t) in the first part of our proof lead to the relation
As to the function V n,2 (t), we first represent it in the form
Because the last integral is independent of the parameter θ, we consider its limit as θ → π. We thus get the representation
Employing the variables substitution log r → r, we see that
is finite for any t > 0 and the following limit value exists:
The last formula along with the limit value (3.8) leads to the representation
which proves that the function R n,2 (t) is indeed completely monotonic. Summarizing now the above estimates for the coefficients u n (t) of the Fourier series (3.1), we finally obtain the asymptotic formula
This finishes the proof of Theorem 2.1. 2 P r o o f o f C o r o l l a r y 2.1. The relation 
Short-time asymptotics
In this section, we proceed with a proof of Theorem 2.2 that provides a short-time asymptotics of the solution u to the initial-boundary-value problem (2.1) for the distributed order fractional diffusion equation (2.2). For the aims of convenience, we set ε = ε 0 t (0 < t ≤ T ) in the definition of the contour γ(ε, θ) and analyze the coefficients u n (t) of the Fourier series (3.1) represented in the form
where θ ∈ ( π 2 , π), T > 0 is an arbitrary but fixed number, and ε 0 > 0 is sufficiently small, so that the inequality ε 0 T < 1 holds true. P r o o f o f T h e o r e m 2.2. For 0 < t ≤ T , let us break the integral in (4.1) into the following three parts: The variables substitution rt → r in the last integral leads to the inequality
C|a n |λ n t log 
can be deduced and thus we obtain
that is valid for n < N 1 . The representation (3.1) of the solution u and our estimates for the coefficients u n (t) lead now to the inequalities
which can be rewritten in the form
that completes the proof of the first part of Theorem 2.2. Let us turn to the proof of the relation (2.3). We first show that there exists a constant C T > 0 independent of n such that |u n (t)| ≤ C T |a n | for 0 ≤ t ≤ T and n = 1, 2, . . . . Indeed, recalling the representation (3.7), by the arguments similar to ones used in [7] , we let θ → π and get the representation
where we fix ε > 1 and use the notation
Because of the condition μ(1) = 0, there exists a constant δ 0 such that 0 < δ 0 < 1 and μ(α) > 0 for [δ 0 , 1]. For such δ 0 , we get the estimates
For the next step, we introduce a sequence R n , n = 1, 2, . . . that satisfies the conditions R n > 0 and μ
Now we proceed with analysis of u(t) − a L 2 (Ω) as t → 0. By noting that the Laplace transform of 1 is s −1 , we first get the representation u n (t) − a n = a n 2πi
and then the formula
In the last integral, we set M = 1 t and proceed with its estimation:
Since 0 ≤ arg s < 
Applying this inequality to the last estimate for |u n (t) − a n |, we get the inequality
that is valid for small enough t > 0. Moreover, because of the inequality
for small enough t > 0, the Lebesgue dominated convergence theorem can be applied to the integral at the right-hand side of (4.3). Thus we get |u n (t) − a n | → 0 as t → 0, n = 1, 2, . . . .
By taking into consideration the norm estimate (4.2) and again using the Lebesgue theorem, we finally get
|u n (t) − a n | 2 = 0, which completes the proof of Theorem 2.2. 2
Conclusions and open problems
In this paper, we mainly dealt with the asymptotic properties of solutions to the initial-boundary-value problems for the distributed order fractional diffusion equations on the bounded multi-dimensional domains. These properties are very essential for analysis of the suitable numerical methods for this type of problems and for dealing with the inverse problems for the distributed order fractional diffusion equations.
One important point we would like to mention here is that we have in fact proved the unique existence of the solution to the above mentioned problem. Indeed, the formal Fourier series u( · , t) = that we formulated and proved in Theorem 2.1 and Theorem 2.2 imply that the formal Fourier series is a convergent one and belongs to H 1 0 (Ω) ∩ H 2 (Ω) for any t > 0.
As to the open problems related to the initial-boundary-value problems for the distributed order fractional diffusion equations, let us mention the following ones: In the proofs of our results, we needed the assumption b(x) ≤ 0, x ∈ Ω and the non-negativity of the weight function μ(α), α ∈ [0, 1] that are necessary for ensuring that the Laplace transform u(x, s) of the solution u has no poles on the main sheet of the Riemann surface of the logarithmic function. It would be interesting to investigate what happens with the asymptotic properties of the solutions if one or both of these assumptions are not valid.
Another interesting direction of research would be to investigate the initial-boundary-value problems for the distributed order fractional diffusion equations with the non-continuous weight functions. As we established in this paper, the characteristic behavior of the solutions is very different in the case of the singular weight functions say, in the form μ(α) = δ(α − α 0 ) and the continuous functions. The case of the non-continuous but also non-singular weight functions will probably lead to yet another type of asymptotic behavior of solutions to the problem under consideration.
Finally, the question if the estimate for the short-time asymptotic of the solution that was presented in Theorem 2.2 is sharp or not still remains open and should be investigated.
